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The results of measurements within the bracket of
Reynolds number from 10* to 195000 can be expressed
by equation

Nu = 033 (Gr + Re?)* 2%, (4)

The effect of free convection was allowed for by Grashof
number (as in [4]), the influence of which on the value of
heat-transfer coefficient at the local Reynolds numbers
greater than 3 x 10* did not exceed 6 per cent. The small
deviation of the measurement results from the theoretical
values for low Reynolds numbers, may have resulted from
a some difference between a theoretical and an experimental
flow models due to a final diameter of the test disk. The
table below contains a comparison of the results of some
experiments with an analitycal prediction. The results of
measurements by Cobb and Saunders [5], as well as those
by Richardson and Saunders [4], obtained on the same stand
are probably too high due to disturbing influence of the shaft
and stand elements.

Table 1. Comparison of experimental results with a
theoretical solution (for Pr = 0:71)

Nu
(Gr + ReR? 33f(Pr = 0-71)

Author

Experiments of:

Richardson and Saunders [4] 0-40
Cobb and Saunders [5] 036
Kreith, Taylor and Chong [6] 0-34
McComas and Hartnett [3] 0-33
Authors of this paper 033
Analytical solution of':

Hartnett [7] 0-33

Within the range of Reynolds number from 195000 to
250000 there is a fast increase of local heat-transfer
coefficients. The limits of this region overlap quite well
with the points of stability loss of the laminar boundary
layer and the beginning of turbulent boundary layer on the
rotating disk, as determined by Gregory and Walker [8].
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The local heat transfer in the transition region can be
expressed by following equation*

Niu=10x 10729 Re*, (5)

The measurement resuits worked out within the range of
Reynolds numbers from 250000 to 670000 at the constant
radius R = 185 mm can be expressed by the equation*

Nu = 0-0188 Re"8. (6)

An average Nusselt number Nu = Nu/1-3 = 00145 Re® 8 is
3-7 per cent lower than those obtained by Cobb and
Saunders [5].
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NOMENCLATURE
Bu, Bouguer number or optical thickness, Bu = a, L;
1, specific radiation intensity;
J, dimensionless average radiation intensity,
J = M/4aT?;
*Professor.

+Graduate Student.

L, reference length;
le,lp,l, direction-cosines;
M, space integrated radiation intensity, M = {1dQ;

Q0.Qs,Q,, normalized radiation heat flux, @ = g/oT}*;

qp.490.4,, radiation heat flux in 6, ® and r-direction;
R, position vector in the global spherical coordinate
system;
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r, one of the global spherical coordinates;
$1,52,83, coordinates defined by equation (4);
T, temperature of the medium;

T, reference temperature;

oy, absorption coefficient;

R one of the local spherical coordinates;
0y, 0y = sin"(r;/r);

|, one of the global spherical coordinates;

G, Stefan—Boltzmann constant;

D, one of the global spherical coordinates;

@, one of the local spherical coordinates.
Superscripts

* quantities at the wall;

i, quantities associated with inner sphere;

o, quantities associated with outer sphere.
Subscripts

i, quantities associated with inner sphere;

o, quantities associated with outer sphere;

g, radiative quantities resulting from medium

emission;
w, radiative quantities resulting from wall emission.
INTRODUCTION

IN spITE of the fact that the analytical expression of radiative
heat flux in terms of temperature distribution for spherically
symmetric configurations has been known for quite some
time [ 1-3], the generalization of this expression for a three-
dimensional temperature field has never been achieved.
Recently, however, Bohachevsky and Kostoff [4] have
succeeded in devising elaborate numerical procedures, based
on geometric considerations, for the exact computation of
multi-dimensional radiative transfer in spherical media with
an axisymmetric temperature field. In this paper, closed
form exact solutions are obtained for multi-dimensional
radiative transfer in a non-isothermal medium between con-
centric spheres as well as inside and outside of a sphere.
The approach adopted in this paper is an extension of
previous work by Cheng et al. [5, 6], on the exact solutions
of the radiative transport equation in rectangular and
cylindrical coordinate systems.

RADIATIVE TRANSFER IN A THREE-DIMENSIONAL
TEMPERATURE FIELD
For a three-dimensional temperature field in a spherical
configuration where the temperature is given by T,(r, ©, ¢),
the radiation-transport equation for a grey gas in thermo-
dynamical equilibrium is [7]

[Cosgi+s1nﬂcos¢i sinfsing 0

or r 00 rsin® o@
sinf 0 sinfsing @
——————+a, |
r 068 rtan® J¢
o, TH
=Tg(r,®,¢), 1)

where r,®,® are the global spherical coordinates and
0, ¢ are the local spherical coordinates (see Fig. 1); a, and ¢
are the absorption coefficient and the Stefan-Boltzmann
constant, respectively. I is the specific radiation intensity
which is a function of position vector R (where R = re,) and
directional vector &, given by

éq = sinfcos ¢ ég + sinfsin @ &y + cos b é,, 2)

B

FiG. 1. Spherical coordinate system.

where é,, ég and éo are unit vectors of the global spherical
coordinates.

If an isothermal black wall at a temperature T, exists
in the radiation field, the radiative boundary condition is
given by

4
I(r*, O*, O* 0%, ¢*) = %, 3)

where r*, ©*, ®* specify the position vector and 6%, ¢*
specify the direction vector, with the superscript “*” denoting
quantities on the wall.

To obtain the formal solution of equation (1) with
boundary condition (3) in spherical configurations we recast
these equations in terms of the new independent variables
si(j = 1,2,3) with

si=R.2;, s;=R.g;, s3=R.¢, 4)

where

é,= —sin¢g ég+coség, (5)

and

2o = cosfcos ¢ ég+cosOsing ep—sinfe,,

which are the unit vectors of the local spherical coordinates.
It follows from equations {4) and (5) that

sy =rcosf, s, =0, and s3; = —rsinf. (6)

If an isothermal black wall at a temperature T,, exists
in the radiation field, the radiative boundary condition is
given by

I(sy, 53,6, ¢)

oT} o (st
= exp[ —a,(s; —s1)] + - J 2, T, (31, 53,6, 9)
0

x explo,(5y —5,)] ds;, (7)

where §) = sy —s¥,and (s, —s¥)is the physical distance along
sy from the field point (r, ©, @) to that of the wall. In the
subsequent discussion, it is convenient to refer to the first
term in equation (7) as I, and the second term as I,
representing the contribution from wall emission as well as
medium emission respectively.
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FiG. 2. Comparison of radiation fields inside an isothermal sphere (along r), an isothermal cylinder
(along r at z = 0), and an isothermal cube (along x on y = z = 0).

It is worth mentioning, in passing, that from geometric
consideration, we have s; = s¥ which, with the aid of
equation (6), gives

sin 0% — ri*sin 0. ®)

Equation (8) will be useful to express the quantity s; —s¥
in equation (7) in terms of the spherical coordinates for
various situations in subsequent discussion.

Emitting—absorbing medium between concentric spheres
Consider an emitting-absorbing mediun with a pre-
scribed temperature T,(r, ©, @) between concentric spheres
with radii 7; and r,. If the temperatures of the black walls are
T;and T, respectively, the boundary conditions are given by

ol o
I(r;, ©*, ®*, 0%, ¢*) = , for eég.et >0, (9a)
3
aTy _
I(r,, @, @* 0%, ¢*) = —, for é,.6% <0. (9b)
114

It follows from equation (2) that the condition ég.é* > 0
implies that cos#* > 0 and that the condition é,.é* <0
implies that cos 6* < 0.

Imposing boundary condition (9a), we have r* = r;, and
cos 0* > 0. It follows that

51—st = rcosf—/(r} —r?sin? 0), (10a)
where we have made use of equations (6) and (8). Similarly,
imposing boundary condition (9b), we have

s1—sf = rcos8+/(r} —r?sin? 0), (10b)
where we have made use of equations (6), (8) and the con-
dition cos 8* < 0.

It follows from equation (7) and equations (10) that

o) oT? 222
IY =Texp[-a,,(rcos()~\/(ri—r' sin?6)], (11a)

) g (reos®—J(rf —r*sin®0)
19 = *j 2, T, (31, 53, 0, ¢)
n
° x explag(¥1 —5,)]d5,  (11b)
and
A .
I = G—oexp[——aa(r cos 0+ /(rZ —r*sin? )], (llc)
n
g (reosf+ J(r?—r*sin’ )
Ig(()) = ; J\ (XaEA(g,l, S3, 6, (i))

x explo,(8; —51)]ds. (11d)



Shorter Communications 173

-0 0
\—M
0:'S+ 401

——— Concentric spheres
0-8+ ~———Concentric cylinders 40-2
To® 7;:7;7.1
07 Fo=}0, 1;=05 740-3
0-6 410-4
5* 0-5 0-5p
0-4 -~0-6
0-3 407
0-2 -10-8
0-l -10-9
O 1 i 1 1 |.0
o5 06 07 08 O IO

r
(@)

-0
Concentric spheres
o8+ Concentric cylinders
To= 7;37;.|
06 r,=10,r,=05
0-4
0-2
Qik
" 0 b AT But
ka
-0.2
-0-4
-0-6
-0-8
-0 1 1 1 t
05 06 07 08 09 O

r
(b)

F1G. 3. Comparison of radiation fields between two concentric spheres (along r) and two concentric
cylinders (along r at z = 0).

Consequently, the radiative quantities resulting from
medium emission are given by

(r, ®, ®)
(r, @, D)
q0(r, ©, )
4gr(r, ©, D)

Mﬂ
dge

1 1

ooy It (22 !
= f J 1P °Lda+ J j 1@< 8% d0,
¢=0Jo=0 lo #=0Jo, lo

lr Ir
(isr<r) (12)

where Iy =sinfcos ¢, lp =sinfsing, |, =cosf, and
6, = sin~!(r;/r). The radiative quantities resulting from wall
emission are also given by equation (12) with the subscript
g replaced by w.

Emitting—absorbing medium inside and outside of a sphere

The exact solutions for multi-dimensional radiative trans-
fer in an emitting-absorbing medium with three-dimensional
temperature distribution Ty(r, ©, ®) inside and outside of a
sphere can be obtained from equation (12) with suitable
modifications. For example, for the case of an emitting—-
absorbing medium outside of a sphere with radius r;, the
radiative quantities are given by equations (12), (11¢c) and
(11d) with r, » oo and Ty = 0. For the case of an emitting—
absorbing medium inside a sphere with radius r,, the
radiative quantities are given by dropping the first term in
equation (12). This can be obtained formally by letting
r;— 0 to give 6; = 0 and consequently the first integral in
equation (12) vanishes.

NUMERICAL RESULTS AND DISCUSSION

Computations were carried out for radiative transfer in
an isothermal emitting-medium inside a sphere and between
concentric spheres with isothermal walls. Numerical results
in terms of dimensionless quantities J, Q, T, 7, and Bu
(where J = M/46T,*, Q = q/6T*, T = T/T,, F =r/L, Bu=
o, L with T, and L being the reference temperature and length
respectively) are presented in Figs. 2 and 3. For the con-
venience of subsequent discussion, the superscript “~” will
be omitted.

Figure 2(a) shows the variation of J,, and J, along r inside
an isothermal sphere with T,, = T, =r, = 1. It should be
noted that J,=1-J, when T,=T,=1, and therefore
J, and J, can be plotted in the same figure. Figure 2 also
shows the comparison of the corresponding quantities along
ron z = 0 inside a finite cylinder with r = c = T, =T, =1,
as well as along (x,0,0) inside a cube* with a=b=c=
1=T,= T, =L It is shown that for a specific value of Bu
and at the same location, the value of J, is largest for a
sphere and smallest for a cube. This is because for the same
pointin the radiation field, the distance from the point under
consideration to the wall is smallest for a sphere and largest
for a cube. Consequently, wall emission has a greater effect
for the case of a sphere than that of a cube. The effect of
geometries on Q,, and Q,, is relatively small, as is shown
in Fig. 2(b). The relative magnitudes of radiative heat flux
inside a sphere, a cylinder, and a cube depends on the

*The horizontal scales in Figs. 2-5 of [5] were er-
roneously plotted. Instead of from O to 1, the horizontal
scale should be from 0 to 0-5. In other words, the
numerical results presented in [5] are for rectangles and
cubes with unit length for each side.
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values of Bu as well as the particular location under
consideration.

The radiation field along r in an isothermal medium
between isothermal concentric spheres (r; = 05, r, = 1-0,
T,=T, = T, = 1) is shown in Figs. 3(a) and 3(b). In these
figures, comparison is also made with the radiation field
inside two finite isothermal concentric cylinders (r; = 0:5,
r,=c¢=1,T, =T, = T, = 1) along r on the mid-plane z = 0,
which were obtained previously [6]. As would be expected,
the radiation fields under comparison exhibit similar be-
havior. The magnitudes of J,, and Q,,, however, are higher
for a concentric sphere than that of a finite concentric
cylinder.
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